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1. INTRODUCTION 
This paper is concerned with the oscillatory behavior of solutions ofthe 
second-order nonlinear difference equation 
A’u, + 2 a,,f;(u,, Au,) = 0, n = 0, 1) 2 )...) (1) 
i=l 
where A is the forward difference operator, i.e., Au, = u,+, - u,,, [A2u, =
A(Au,)]; {a,,},..., {a, } are the real sequences. The following conditions will 
be assumed without further mention: 
(c,) ai, > 0 for n > n, > 0, i = l,..., m; 
(c2) Jt: R2 -+ R = (-co, CD), ufi(u, Y)> 0 for u # 0, i = l,..., m  
By a solution of(1) we mean a real sequence (u,} satisfying Eq. (1) for 
n = 0, 1) 2 ,...  We consider only such solutions which are nontrivial for all 
large n. A solution {u,} of (1) is called nonoscillatory if it is eventually 
positive ornegative. Otherwise it is called oscillatory. 
The problem of determining oscillation criteria for second-order nonlinear 
difference equations has been the subject of investigation in [l-3, 91. Among 
the papers dealing with this ubject we refer to [4, 7] in which oscillation 
criteria for linear difference equations ofsecond order have been established. 
The purpose of this note is to give some new criteria (sufficient 
conditions) for oscillation of all solutions of(1). The results we obtain are 
the discrete analogues ofsome theorems for a nonlinear differential equations 
of second order due to Kartsatos [5, 61 and Staikos and Petsoulas [8]. 
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2. MAIN RESULTS 
THEOREM 1. Suppose there exists an index j such that 
(i) ~j(u, v) is continuous OFI R*, 
(ii) C” naj, = co. 
Then every bounded solution of (1) is oscillatory. 
ProoJ Suppose there exists a bounded nonoscillatory {u,} of (1). 
Assume that u, > 0 for n > n, > n,. Then, by conditions (c,) and (c,), we 
see that d*u, < 0, i.e., {Au,} is nonincreasing sequence for n > n,. Now, we 
can derive that Au,, > 0 for n > n,. In fact, if there would exist n2 2 n, such 
that dunI = c < 0, then Au, < c for n > n, and hence 
u,&un2+c(n-n,)+-a2 as n-,oo, 
which contradicts the fact that u, > 0 for n > n, . Thus {u,} is a 
nondecreasing sequence for n > n, . Moreover, since {u,} is bounded, we 
must have Au, + 0, u, + g (0 < g < co) as n + co. Consider the sequence 
{p, = n Au,} for n > n,. Using (I), (c,), and (cJ we have 
Apn=Au,+, - n f aJXun~Aun) 
i=l (2) 
<Au,+, - q,&@, T 4). 
By the continuity of 6, fi(u., Au,) + &( g, 0) > 0 as n -+ co and hence there 
exists n3 > n, such that J;(u,, Au,) > ffj( g, 0) for n > n,. Therefore from (2) 
we deduce 
n-1 
Pn~Pnz+Un+l-Unl+l-~J;(g,O) 2 kajk. 
k=n, 
(3) 
Inequality (3), by (ii), leads to a contradiction for it implies 
lim n Au, = -co, 
n-cc 
which means that {Au,,} is eventually negative. 
A similar argument can be used in the case of an eventually negative 
solution. Thus the proof is complete. 
Remark. It is obvious that condition (i) may be weakened to the 
following: 
(i’) for every u0 E R - {0} there exists lim~u,v~~~u,,O~ f (u, v) = g # 0. 
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THEOREM 2. Suppose there xists an index j such that 
(iii) &(Au, Au) = Az4+‘&(u, v)jbr all (u, v) E R’, 
real ,I # 0 and some integer /3> 0, 
(iv) fi( 1,~) is continuous for u = 0, 
(v) Cm aj, = 00. 
Then all solutions of (1) are oscillatory. 
Proof. We assume the existence of a nonoscillatory solution {u,} of (1) 
which is positive for n suffkiently arge. Thus as in the proof of Theorem 1, 
without loss of generality, we can assume that 
u, > 0, Au, > 0, and A%, < 0 for n>n,. (4) 
Since 
n-l 
u, = u,,, + 2 Auk, 
k=no 
hence, by (4), we have u, > Au,(n - n&n > n,. Therefore 
Au 
-<x 
ull 
for suffkiently arge n and for some constant A4 and 
lim !.!h = 0. 
n-m u, (5) 
Now, if qn = Au,&,, n > n,, then an easy computation leads to 
Aq, = - i ,f ainfi(un, Au ,) - A>~““+’ 
n l-l n n+l 
< - ai, fj(u,, Au ), u, n>n,, 
from which, by (iii) and the fact that {u,} is nondecreasing, follows 
From (5), (iv), and (c,) we have 
lim jj l,$ =fj(l,O) > 0, 
n-m ( 1 n 
hencefi(1, Au,&,) > if,(l, 0) for n > n., 2 n,. 
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Now from (6), by (v), we obtain 
which contradicts the fact that q, > 0 for n > n,. 
A similar argument treats the case of an eventually negative solution. 
THEOREM 3. Assume that the following conditions hold: 
(vi) &u, -v) = -fi(u, v)for every (u, v) E R2 (i = l,..., m), 
(vii) I # 0, where I denotes the set of all indices i for which the 
function fi(u, v) is nondecreasing with respect o u and with respect o v on 
R, as well as the function [fi(u, 0)1/u is nonincreasing on (0, a), 
(viii) there exists a positive sequence {h,}, n > n,, such that 
--& x at,&@, 0) - =03 
1st 
for every a > 1. 
Then all solutions of (1) are oscillatory. 
Proof: If {u,} is a solution of (1) then, by condition (vi), l-u,} is again 
a solution of (1). Thus as in the proof of Theorem 2, the existence of a 
nonoscillatory solution {un} of Eq. (1) leads to (4). 
Let us denote 
r =h ‘3 ” n u, ’ n>n,, 
then from Eq. (1) we get 
Ar, = -2 2 a&u,, Au,) + Ah,&,+, h,Au Au,+, - . 
n l-1 
u 
n+l 
u l 
” n+1 
In view of monotonicity of (u,}, {Au,}, and (vii) we see that 
hn 
A%<-; c 
dh,,h, 
ahflhO)+r~+lh -rntl 
n is1 nt1 hL 
r 
Ah,&,+, ’ 
nt1- 
WI 1 + (Ah,)* 4h, ’ 
Hence 
(Ah 1’ Ar, <- 2 c ainfi(un, 0) +-&, n>n,. 
n [El n 
(7) 
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From (4) we conclude that 
u, G %I0 + Au& - n,), n>n,, 
and consequently there exists a n, > n, and appropriate constant CL > 1 such 
that 
u, < an for nani. 
Thus returning to (7), by condition (vii), we obtain 
and then 
k=n, 
Now, by (viii), itis easy to see that {r,} is eventually negative, which is 
contradiction, since r,, > 0 for n > n,. This completes the proof. 
A close look at the proof of Theorem 3 ensures the validity of the 
following: 
THEOREM 4. If, in addition to condition (vi), we assume that 
(ix) Z # 0, where Z denotes the set of all indices i for which the 
function f;.(u, v) is nondecreasing with respect o v on R, as well1 as the 
function [j& O)]/ u is nonincreasing o  (0, co), 
(x) there xists an eventually positive s quence {h,} such that 
-& c a,,fi(an, 0)- ‘2 
2 
( )I =CCl icl n 
for every a > 1, 
then all solutions of (1) are oscillatory. 
In the above theorems conditions (viii) and (x) depend on a parameter 
a > 1. Because of this, several difficulties may appear in the verification f
(viii) or (x). For this reason, it is interesting to relax these conditions by 
requiring (viii) only for a = 1. More precisely the following theorem is valid. 
THEOREM 5. Assume that 
(xi) I # 0, where I denotes the set of all indices ifor which the 
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function fi(u, v) is nondecreasing with respect to v on R and A(Lu, 0) = 
lfi(u, 0) for every u E R and real A # 0, 
(xii) there exists an eventually positive sequence {h,) such that 
Then all solutions of (1) are oscillatory. 
Proof. Assuming the existence of nonoscillatory solution u, > 0 for 
n > n, and arguing as in the proof of Theorem 3 we obtain the inequality (7). 
This in turn, by (xi), implies 
(&J2 Jr,, < -h, x ai,fi(l, 0) +7 n > n,. 
ICI ” 
Thus our assertion follows now exactly the same way as the previous one. A 
similar argument holds in the case of an eventually negative solution. 
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